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 .The Sendov conjecture may be stated: If all zeros of a complex polynomial p z
< < X .  .lie in z F 1, then there is always a zero of p z , that is, a critical point of p z , in
< <  .z y a F 1, where a is any zero of p z . We prove several cases for which the
Sendov conjecture is true as well as some stronger results. The case where a is the
root with pth largest modulus is also investigated. Q 1997 Academic Press
1. INTRODUCTION
 .  . ny1 . < <Suppose that p z s z y a  z y z where 0 F a F 1 and z F 1ks1 k k
for 1 F k F n y 1.
Results obtained can then be adjusted for any complex a by a rotation
 .of the z-plane. Suppose further that the critical points of p z , that is, the
X . < <zeros of p z , are z , where, by the Gauss]Lucas Theorem, z F 1 fork k
1 F k F n y 1.
The Sendov conjecture may be stated: If all zeros of a complex polyno-
 . < < X .mial p z , of degree n G 2, lie in z F 1, then there is always a zero of p z
< <  .in z y a F 1, where a is any zero of p z .
w xThe conjecture has been proved true for n F 7, see Borcea 2 for the
recent case n s 7. If a s 0 or a is a repeated root, the conjecture is
trivially true with respect to the root a. So we now consider only 0 - a F 1
and a / z for 1 F k F n y 1.k
In Section 2 we concentrate on conditions giving regions in which the
zeros can lie so that the Sendov conjecture is true and, in some cases, we
find more restricted regions in which a critical point will lie than that given
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by the Sendov conjecture. The results in Section 3 are mainly concerned
with looking at the roots of largest modulus, second largest modulus, and
so on.
w xAs in Byrne 3 , we use the transformation
w s u q i¨ s 1r a y z 1 .  .
Suppose that z s x q iy .k k k
 .Let the images of z , given by 1 , be w s u q i¨ and of z bek k k k k
 . < < < < < <g s a q ib . Using 1 , z y a F 1 maps to w G 1 and z F 1 maps tok k k
< < 2 2w G 1 y 2 au r 1 y a for a / 1, 2 .  .  .
and to
u G 1r2 for a s 1. 3 .
To prove the conjecture with respect to the root a, we need to show that at
< < < <least one z y a F 1, that is, at least one g G 1.k k
 .Differentiating p z and re-expressing in terms of w and w , we getk
w ny1pX z s w ny1 y 2w ny2 w .  k
k
ny1ny3q3w w w y ??? y1 n w w , 4 .  .  k j k k/
k kk/j
where  means ny1,  w w means the sum of all possible productsk ks1 k / j k j
of w and w , 1 F k, j F n y 1, except those with k s j, and  meansk j k
 ny1.ks1
We also have
pX z s n z y z . .  . k
k
This gives
1 1
Xp z s n y , .   /g wk k
from which
w ny1pX z s n w ny1 y w ny2 g .  k
k
ny1ny3qw g g y ??? y1 g g . 5 .  .  k j k k/
k kk/j
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 .  .Equating coefficients of the first two terms on the right in 4 and 5 gives
the results, well known in their z-plane form:
g s 2 w 6 . k k
k k
and
g s n w . 7 . k k
k k
 .  .Equating coefficients of w on the right in 4 and 5 gives
1 n y 1 1
s . 8 . 
g n wk kk k
 .  .Taking real parts of 6 and 8 gives
a s 2 u , 9 . k k
k k
and
a n y 1 uks , 10 . 2 2n< < < <g wk kk k
 .and from 7 we get
< < < <g s n w . 11 . k k
k k
We will also make use of the following lemmas:
LEMMA A. The Sendo¨ conjecture is true with respect to a if a s 1.
w x w x w xSee Goodman, Rahman, and Ratti 4 , Rubinstein 6 , or Byrne 3 .
< <LEMMA B. The Sendo¨ conjecture is true with respect to a if z y a Fk
 . < <  .2 sin prn , that is, w G 1r2 sin prn for at least one k, 1 F k - n y 1.k
w xThis is Lemma 2.3 of Kumar and Shenoy 5 .
So, from now on, we only need to consider 0 - a - 1 and note that this
 .means that all the w and all the g are in the region given by 2 .k k
However, in some theorems, we include the case a s 1 for completeness.
To get a geometrical picture see Fig. 1.
We will suppose throughout that
< < < < < <z y a F z y a F ??? F z y a and1 2 ny1
12 .
< < < < < <z y a F z y a F ??? F z y a1 2 ny1
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FIG. 1. Basic w-plane geometrical picture. Note that the big circle approaches u s 1r2 as
a approaches 1.
so that
< < < < < < < < < < < <w F ??? F w F w and g F ??? F g F g . 13 .ny1 2 1 ny1 2 1
< <Then the conjecture is true with respect to the root a if g G 1.1
Most of our proofs will be proofs by contradiction. For subsequent
conciseness we list an assumption and some consequences that will be
frequently used in these proofs.
< <  .  .  .Assumption 1. Assume that g - 1; then, using 13 , 2 , and 3 , we1
have also that ar2 - a - 1 for k s 1, 2, . . . , n y 1.k
Geometrically Assumption 1 means that we are assuming that all the gk
are in the striped region in Fig. 1.
2. RESTRICTING THE ROOTS TO REGIONS OF
THE Z-PLANE
 .  . ny1 .THEOREM 1. Consider the polynomial p z s z y a  z y zks1 k
< <where 0 F a F 1 and z F 1 for 1 F k F n y 1.k
The Sendo¨ conjecture is true with respect to the root a if , for k s
1, 2, . . . , n y 1:
 . < <i the z are in z y a q b F b, 0 - b F 1, and, in this case there isk
< <a critical point in z y a q br2 F br2; or
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 . < <ii the z are in z y a q 2rc G 2rc, 0 - c F a, and in this casek
< <there is a critical point in z y a q 1rc G 1rc; or
 .iii the z all lie on a circle centre a.k
 . w xTheorem 1 i was also proved by Aziz 1 .
 . < < <Proof. i z y a q b F b, 0 - b F 1, implies u G 1r2b and z yk k k
<a q br2 F br2 implies a G 1rb.k
 .Assume that a - 1rb for k s 1, 2, . . . , n y 1. Then by 9k
n y 1 1 n y 1
F u s a - , 14 . k k2b 2 2bk k
a contradiction. Therefore a G 1rb G 1 for at least one k, so thatk
< <g G 1 and the Sendov conjecture is true for the root a. Furthermore we1
< <have shown that there is a critical point in z y a q br2 F br2.
 .ii This is proved similarly by assuming that a ) cr2 for k sk
1, 2, . . . , n y 1. Again there is a contradiction, so that a F cr2 F ar2 fork
 . < <at least one k. Using 2 this means there is a k such that g G 1 so thatk
< <g G 1 and the Sendov conjecture is true for the root a. Furthermore we1
< <have shown that there is a critical point in z y a q 1rc G 1rc.
 . < < < <iii If the z all lie on a circle centre a then w s w fork k 1
k s 1, 2, . . . , n y 1.
 .  .Putting this in 10 and using 13 , we get
1 a n y 1 u n y 1k k
a F s s u .   k k2 2 2 2n< < < < < < < <g g w n wk k k k1 k k 1
 .So, from 9
2 n y 1
u F u . 15 . k k2 2< < < <g n wk k1 1
Suppose that Assumption 1 is true. Then ar2 - a - 1 for k s 1, 2, . . . , nk
 .y 1 and using 9 again we obtain
n y 1 a 1 n y 1 .
0 - - a s u - . 16 . k k4 2 2k k
 .  .Dividing 15 by  u , which, from 16 , is greater than zero givesk k
< < 2 < < 2g G 2n w r n y 1 . 17 .  .1 1
 .  .Also by 16 at least one u - 1r2, by 2 this means that at least onek
< < 2  .  . < < 2  .w ) 1r 1 q a and hence from 13 , w ) 1r 1 q a . Substitutingk 1
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 . < < 2  . .this in 17 , we get g G 2nr n y 1 1 q a ) 1, since 0 - a - 1. So1
Assumption 1 is contradicted and the conjecture is true, which concludes
the proof of the theorem.
 .  . ny1 .THEOREM 2. Consider the polynomial p z s z y a  z y zks1 k
< <where 0 F a F 1 and z F 1 for 1 F k F n y 1.k
If x F a for k s 1, 2, . . . , n y 1 then the conjecture is true for all n, withk
respect to the root a, pro¨ided that
 . < < ’i z y a F 2nr n y 1 for k s 1, 2, . . . , n y 1, or .k
 . ’ii a F 2nr n y 1 y 1, or .
 . < <iii z q 1 y a G 1.ny1
 . < <Note. a By Lemma B, we only need to consider the case z y a )k
2 . ’2 sin prn for k s 1, 2, . . . , n y 1, so, if a G 1 y 4 sin prn , we will .
automatically ha¨e x F a for k s 1, 2, . . . , n y 1.k
’ ’ . ’ ’b 2nr n y 1 ) 2 and 2nr n y 1 ª 2 as n ª ` so pro- .  .
vided that all the x F a the conjecture is true for all n with respect to thek’ ’< <root a if a F 2 y 1 or if z y a F 2 for k s 1, 2, . . . , n y 1.k
Proof. As discussed in the Introduction we need only consider
0 - a - 1.
 .i Since x F a for k s 1, 2, . . . , n y 1, we have u G 0 for k sk k
 .  .1, 2, . . . , n y 1. Therefore, from 10 and 13
1 a n y 1 u n y 1k k
a F s F u   k k2 2 2 2n< < < < < < < <g g w n wk k k k1 k k ny1
 .and, using 9
2 n y 1
u F u . k k2 2< < < <g n wk k1 ny1
 .Suppose Assumption 1 is true. Since, by 16 ,  u ) 0, we havek k
< < 22n wny12< <g G .1 n y 1
< < < < < <’ ’So g G 1 if w G n y 1 r2n , that is, z y a F 2nr n y 1 . .  .1 ny1 ny1
 .  .Thus using 12 we have established i .
 . < < ’ii Suppose that z y a ) 2nr n y 1 . Because all the roots .ny1
 . < < < < ’of p z are in z F 1, z y a - 1 q a and so a ) 2nr n y 1 y 1. .ny1
< <’Therefore, if a F 2nr n y 1 y 1, it is not possible to have z y a . ny1
 .’) 2nr n y 1 so from i the conjecture is true with respect to a. .
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 . < < < <’iii Suppose again that z y a ) 2nr n y 1 . Then w .ny1 ny1
 .’- n y 1 r2n so by 2 .
n y 1
2u ) 1 y 1 y a 2 a ) 1r2. .ny1 2n
< <Therefore, if u - 1r2, it is not possible to have z y a )ny1 ny1
 .’2nr n y 1 so from i the conjecture is true with respect to a. .
< <Now, u F 1r2 maps to z q 1 y a G 1 in the z-plane from which the
result follows.
 .Theorem 2, as stated in Note b above, proves the conjecture for all n,
’with respect to the root a, if a F 2 y 1, provided that all the x F a. Ink
w x3 , we showed that the conjecture is true for n F 10, with respect to the
’root a if a F 2 y 1, without any other restriction. Actually in that paper
it was stated true for n s 10 if a F 0.414 but this was rounded down.
’More accurately it is 0.4148 which is greater than 2 y 1. We can lessen
the restriction ``all the x F a'' to some extent in a fairly simple way fork
n ) 10, as follows, but this does not remove all restriction by any means.
< <  2 .1r2  .  .If x ) a then u - 0 and w ) 1r 1 y a , from 2 . Also from 2j j j
< <  .or from Fig. 1, we have in general that w G 1r 1 q a for k s 1, 2, . . . , nk
y 1. So, if b of the u are such that u - 0, where 1 F b F n y 1, wek k
 .have, using 11 and Assumption 1,
1 1 br2 ny1yb2< < < <) g s w ) 1r 1 y a 1 q a s M , say. .  . k kn n k k
 .The minimum of M, M , occurs at a s 1 y br n y 1 , wheremin
br2ny1n y 1 2 n y 1 y b .
M s .min  / /2 n y 1 y b b .
If M G 1rn we have a contradiction and the conjecture is true withmin
respect to the root a. This would clearly be the case if a is sufficiently
 .near 1; however, in the light of Note a after Theorem 2 if a is near 1
.then u ) 0, otherwise the conjecture is true.j
There are various ways of analysing this. One approach is to consider
 .  .2yB Bb s B n y 1 . In this case we have a contradiction if 2 y B B F
n2rny1..
This leads to the following results: If n s 11 or 12 we have a contradic-
tion if b G 4; if n s 13 we have a contradiction if b G 5; if n s 14 or 15
we have a contradiction if b G 6 and so on.
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’We could improve on these results by use of the restriction a F 2 y 1,
which ties in with earlier results, but the improvement is slight.
3. THE ROOT OF pTH LARGEST MODULUS
 .  . ny1 .THEOREM 3. Consider the polynomial p z s z y a  z y zks1 k
< <where 0 F a F 1 and z F 1 for 1 F k F n y 1. Suppose a is the root ofk
 .p z of pth largest modulus. Then the Sendo¨ conjecture is true with respect to
the root a if
 .  . .2  .i p F 1 q n y 1 2 sin prn r 1 q a . Thus it is true for all n if
p s 1; n F 18 if p s 2; n F 8 if p s 3; and n s 4 if p s 4; or
p p . < < ’ii z y a G 1 q a p y 1 r n y 1 for all the roots z of .  .  .k k
modulus larger than a.
 .  .Proof. i If a is the root of p z of pth largest modulus, then there
 .  .are n y p roots of modulus less than or equal to a other than a itself ,
 . p < p <and p y 1 roots, say z , k s 1, 2, . . . , p y 1, such that z ) a. Also,k k
 .from 1 ,
< <z F a implies that u G 1r2 a. 18 .k k
 .Using Assumption 1 and 9 we thus obtain
py1 ny1 ny1n y p 1 n y 1
pu q F u s a - .  k k k2 a 2 2ks1 ks1 ks1
That is,
py1
p2 a u - a n y 1 y n q p. 19 .  . k
ks1
 .   . .But from 2 or 3 if a s 1 and Lemma B, we have, for k s 1, 2, . . . , n y
1,
222 au G 1 y 1 y a r 2 sin prn . .  .k
So
22p y 1 1 y 1 y a r 2 sin prn - a n y 1 y n q p. .  .  .  . .
This implies
2n y 1 2 sin prn .  .
p ) 1 q ,
1 q a
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and thus we have a contradiction if
2n y 1 2 sin prn .  .
p F 1 q .
1 q a
p p . < < < <’ii If z y a G 1 q a p y 1 r n y 1 , then w .  .  .k k
p .  .’F n y 1 r 1 q a p y 1 , and from 2 , 2 au G 1 y 1 y a n y .  .  . k
.  .  .1 r p y 1 . Substituting this in 19 , which we got using Assumption 1,
gives a contradiction.
 .  . ny1 .THEOREM 4. Consider the polynomial p z s z y a  z y zks1 k
< <where 0 - a F 1 and z F 1 for 1 F k F n y 1. Suppose a is the root ofk
 .p z of pth largest modulus. Let the roots whose moduli are larger than a be
z p, k s 1, 2, . . . , p y 1 and let the image of z p under the mapping w s 1rak k
p p p p y z be w s u q i¨ . Suppose further that we ha¨e u s min u ) y nk k k 0 k k
.  .  .y p r2 a p y 1 for p / 1. Then there is a critical point of p z inside
< <  .   . . z y da F 1 y d a where d s n y 2 p q 1 q 4 p y 1 au r 2n y 2 p q0
 . .4 p y 1 au .0
We will discuss some particular cases after the proof of this theorem.
< <  .Proof. Assume that all critical points are in z y da ) 1 y d a. This
 .implies that in the w-plane, a - 1r2 a 1 y d for k s 1, 2, . . . , n y 1,k
 .  .since, under the conditions imposed on u , 1 y d ) 0. Then using 90
 .and 18
py1 ny1 ny1n y p 1 n y 1
pu q F u s a - .  k k k2 a 2 4a 1 y d .ky1 ks1 ky1
Substituting for d we obtain
ps1
pu - p y 1 u . . k 0
ks1
This contradicts the definition of u , thus proving the theorem.0
 .Particular Cases. 1 If a is the root of largest modulus, p s 1, d s 1r2
p < <and there are no u , so there is a critical point inside z y ar2 F ar2.k
This gives rise to the following corollary.
 .COROLLARY. If z is the root of p z of largest modulus then there is aM
< < < <critical point inside z y z r2 F z r2, therefore the conjecture is true withM M
< < < <respect to the root a if a y z r2 F 1 y z r2.M M
 .From Eq. 16 , either the conjecture is true or u - 1r2. Also, by0
 .  Lemma B and 2 either the conjecture is true or u G 1 y 1 y0
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2 .  .2 .a r 2 sin prn r2 a, which approaches 1r2 as a approaches 1. If a is
sufficiently large u G 0. We look at this as the second interesting particu-0
lar case.
 .2 If all the roots which have modulus greater than a also have
p  . x F a, then we can take u s 0. So if p / n, d s n y 2 p q 1 r 2n yk 0
.2 p . For example, if n s 7 and p s 2, we know from Theorem 3 that the
 w xconjecture is true in fact from 2 , we know that the conjecture is true in
.general for n s 7 but we now also have that there is a critical point in
< <z y 2 ar5 F 3ar5 under these conditions.
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